We find the decomposition number, ramification index and inertial degree of 2 for some quadratic extension over some pure quartic fields.
Introduction
In [1] we studied the group of units of the field K = Q( 4 √ p) with a rational prime number p ≡ 7 (mod 16). In this work we will study decomposition number, ramification index and inertial degree of 2 (as defined in [3] ) in L = K( √ α) for any α ∈ O Ã such that L = K. Let F be a number field. We denote O , h , Cl and U the ring of integers, class number, class group and group of units of F respectively. If F is a real quadratic field, we denote U the fundamental unit of F. If K ⊇ F is another number field, N Ã/ (α) is the relative norm respect to K/F of α ∈ K, N Ã/É (α) the absolute norm of α ∈ K, N /É (A) the absolute norm of A ∈ F, t Ã/ (α), t Ã/É (α) and t /É (A) the relative and absolute traces of α ∈ K or A ∈ F respectively. The symbol δ Ã/ represents the relative discriminant of K/F. We use the symbol A 1 , . . . , A n to denote the ideal of O generated by A 1 , . . . , A n ∈ O and α 1 , . . . , α n Ã the ideal of O Ã generated by α 1 , . . . , α n ∈ O Ã . The symbol ord a (b) = c means that a c is the greatest power of a that divides b and a c ||b denotes that ord a (b) = c.
The next theorem resumes the main results of this work. Our main goal is to prove this: 3 ) (mod 16).
N(α)
(1)
Integral basis
Let us consider
for some α ∈ O Ã square-free in all of it's factorizations. We are going to find an integral basis of L, for this we will study some general properties of the integral bases.
General case
Let F be a number field and A = {α 1 , . . . , α n }, B = {β 1 , . . . , β n } bases of F as a Q-vector space with α i , β i ∈ O for every i. Let M be the change of basis matrix between A and B. It is known that Δ(A) = (det M) 2 Δ(B), but det M gives us more information about the relation between A and B.
Suppose that α 1 = β 1 a for some a ∈ Z and α i = β i for i > 1. The change of basis matrix between A and B is the diagonal matrix: 
Proposition 2.2. Let F be a number field, O it's ring of integers and a basis
. . , a n ) = 1, then there exist a basis of Z[A] as a Z-module such that α is one of the generators.
Proof. Let us suppose that A is ordered in such a way that for some integer 1 ≤ t ≤ n, a i = 0 for i ≤ t and a i = 0 for i > t. We will use induction on t. If t = 1, then a 1 = 0 and a 2 = · · · = a n = 0. In this case we have g.c. d. (a 1 , . . . , a n ) = a 1 = 1. Therefore, α = α 1 and A is the basis we are looking for. Suppose that the result is true for t = r. If t = r + 1, let us 
Proof. Since the contention of the orders is strict, then there exist an algebraic 
The discriminant of the basis κ 1 k , γ 2 , . . . , γ n satisfies:
Particular case
A basis of L as Q-vector space is:
We will call each one of this elements β 1 , . . . , β 8 respectively. Let us calculate Δ(B). For this, we must find the immersions of L in C. We know there must be eight of this ones and, to describe them, we need to find the image of 4 √ p and √ α under each immersion.
Using this information, we have that t Ä/É (1) = 8 and, for i ≥ 2, t Ä/É (β i ) = 0, so the only summand that is important when we find the trace of an element in L is the one in Q. Let us consider the matrix
where M 1 is the matrix:
As a consequence of this −2 
Using the unique factorization property on ideals we have
The case α unit
The goal of this section is to find the ramification of 2 in L when
with p ≡ 7 (mod 16) and L = K( √ α) with α ∈ U Ã . For this, we will find an integral basis of L. Since
it is possible that there is a unit α such that B is not an integral basis of L. When this is the case, Proposition 2.3 tells us that there must exist an element of the form
where a i ∈ Z. If a 1 is even, say a 1 = 2 b 1 , then α − b 1 must also be an algebraic integer. This is the same element but instead of a 1 we put 0. If a 1 = 2 b 1 + 1, we also take α − b 1 and in this case we have the same element but with 1 instead of a 1 . We can use this procedure for each a i , so we can suppose that
Proof. First, we will concentrate in the coefficients a 1 , a 2 , a 3 , a 4 in (6). Represent them as the vector (a 1 , a 2 , a 3 , a 4 ) and we say that an element is of the Using the same ideas, we will study a 5 , a 6 , a 7 , a 8 . We use the symbol (a 1 , a 2 , a 3 , a 4 , a 5 , a 6 , a 7 , a 8 ) to denote an element of the form (6).
If ( In any of the previous cases, the element (0, 0, 0, 0, 1, 1, 1, 1) is an algebraic integer. The element (1, 1, 1, 1, 1, 1, 1, 1) is the only one that is not considered above. Resuming, if B is not an integral basis of L, then
we have:
and since p ≡ 7 (mod 16), then 1 − p ≡ 2 (mod 4), so we have that ord 2 ((1 − p) 3 ) = 3. As a consequence of this,
α is not an algebraic integer. Therefore
Proof. Using Proposition 2.4, it is enough to prove
√ p and, by Proposition 1.3, 1 ± u 1 and u 2 are odd. Hence, 
is not an algebraic integer since
Let us consider the next value of β:
Then, an integral basis of L is:
Proof. First we prove that β is an algebraic integer and, furthermore, all the elements of B 1 are algebraic integers. The irreducible polynomial of
Then g(x) is irreducible in F[x]
and g(β) = 0. To prove that β is an algebraic integer, we must show that Using the previous results we can calculate the discriminant of the extension L/K, where L = K( √ α) with α ∈ U Ã . Using this and Proposition 1.2 we have: 
Ramification of 2 in L
The ramification of 2 in quadratic fields is well known. In some quartic fields, S. Roberson Ashford [4] gave a similar result in terms of the coefficients of a polynomial d + b x 2 + x 4 . Now, we are going to study the ramification of 2 in quadratic extensions over K = Q( 4 √ p) with 0 < p ≡ 7 (mod 16).
Lemma 3.1. Let 0 < p ≡ 7 (mod 16) be a rational prime number, K
Using Proposition 1.4, 2 ramifies completely in K. Considering that I Ä = 2, β Ä = 2, β Ä , then I 
N
As a direct consequence of Lemma 3.1 we get:
Proof. Let β = √ α and I Ä = 2, β Ä . Since
then, by Lemma 3.1, N Ä/É (I Ä ) = 2 and since β = −β, we have that 2, β Ä = 2, β Ä , so 2 ramifies completely.
To study the ramification of 2 in the case 8 | N Ã/É (α), we can suppose
, where Proof. Suppose p Ã is inert. Since p
This implies that α Ä can not be a square since, if this holds, each prime ideal that divides α Ä divides α Ä an even number of times. This is a contradiction since
As in the previous case, α Ä is not a square which is absurd. Therefore p Ã ramifies in L/K and 2 ramifies completly in L.
odd. An elementary computation shows that 
Since
, then we must have an even number of even a i 's and an even number of odd a i 's. If all of them are even or all of them are odd, N Ã/É (α) ≡ 0 (mod 8), so there must be two odd a i 's and two even a i 's. Given that the coefficients of L 2 ∈ O are both odd, we may write
where:
This shows that we have two possibilities: a 1 , a 3 are odd and a 2 , a 4 are even or a 1 , a 3 are even and a 2 , a 4 are odd.
To prove that β ∈ O Ä we only need to show that
Given that 2 ramifies completely in O Ã , 1 − p ≡ 2 (mod 4) and
and therefore β 2 is an algebraic integer. The second assertion is a consequence of 2 9 N Ã/É (4 β 2 ).
) and
Since 2 ramifies completely in K, then we must show that N Ã/É (4) = 2 8 | N Ã/É 4 N Ä/Ã (β 1 ) . On one hand,
and
The next theorem tells us in which cases 2 ramifies completely in L. 
Equivalently, 2 does not ramifies completely in L if and only if one of the next conditions holds:
9. a 1 ≡ a 3 (mod 8) are odd, a 2 ≡ 2 (mod 4) and a 4 ≡ 0 (mod 4).
10
. a 1 ≡ a 3 (mod 4) , a 1 + a 3 ≡ 0 (mod 8), a 2 ≡ 0 (mod 4) and a 4 ≡ 2 (mod 4).
Proof.
To show 1 to 8 we will need to prove the next steps in each case:
We will only prove the first two cases. Let us consider the element β as in 4 . We find this values modulo 8 and adding them we have:
From this, we can conclude that b 1 4 , b 3 4 ∈ Z and they have different parity. In the same way b 2 4 , b 4 4 ∈ Z have different parity so:
Using Lemma 3.4, b holds and furthermore c holds. Since 2, 1 + β Ä = 2, 1 − β Ä , then, by assertion 2 of Lemma 3.1 we have that 2 ramifies completely. Therefore, the assertion is true for condition 1.
For the assertion 2, let us consider β 1 as in Proposition 3.5 as the usefull element. In the previous case we saw N Ä/É (1 + β) is even, now the procedure will change, we will only show that the parities of N Ä/É (β 1 ) and N Ä/É (1 + β 1 ) are different. Let p Ã be the only ideal of O Ã with norm 2, this means that |O Ã /p Ã | = 2. Hence, the norms of two elements in O Ã have different parities if and only if the difference of the norms is odd. Hence: 
Lemma 3.1 we obtain that 2 ramifies completely in L. Proof. The proof of the cases 1 and 2 uses the same procedure of the proof of the cases 1-8 in Theorem 3.6 with the values given in the table below.
Conditions β
For the cases in which 2 does not ramifies completely we must use the next elements with the given bases as we did in 9 and 10 in Theorem 3.6.
Non-ramified case
By Proposition 1.4 we know that, in K = Q( 4 √ p), 2 Ã = p 4 Ã , where p Ã is the only ideal of O Ã with norm 2, so there are only three possibilities: p Ã splits completely, ramifies completely or is inert in L/K. Theorem 1.1 gives us the four cases when 2 does not ramifies completly, we use this cases as reference to tell when p Ã splits and when it is inert.
In the case 1 of Theorem 1.1, p Ã is inert for any p. For cases 2 and 3, p Ã splits or is inert depending on the value of a 1 + a 2 (mod 8). In the next table, these are divided in four cases each. The first number in the column "Case" tells us which case of Theorem 1.1 we are using and the second number is the corresponding subcase. The column a 1 tells us the value of a 1 (mod 4), in each case this is enough to know the value of a 3 (mod 4). The column a 1 + a 2 + a 3 + a 4 is a condition that defines the different subcases. The last two columns tells us the value of a 1 + a 2 for which p Ã splits or is inert respectively. The case 4 is tested in a different way. Giving the values of a 1 (mod 4) and a 2 ≡ a 4 (mod 4) we need to find a 1 + a 2 + a 3 + a 4 (mod 8) to decide if p Ã splits or is inert. To prove that p Ã splits we need to find an element with norm ≡ 2 (mod 4), as we did in the ramified case. For the cases 2.1-2.4 we use the elements γ 3 , γ 4 , γ 5 , γ 6 in the proof of case 9 of Theorem 3.6 respectively. For the cases 3.1-3.4 we use γ 3 , γ 4 , γ 5 , γ 6 of the proof of 10 in Theorem 3.6. For the cases 4.1-4.4 we use γ 1 , γ 2 , γ 3 , γ 4 as defined in the proof of Proposition 3.8.
